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Abstract
A novel Lagrangian force estimation technique for unsteady fluid flows has been developed, using the concept of a Darwinian 
drift volume to measure unsteady forces on accelerating bodies. The construct of added mass in viscous flows, calculated from 
a series of drift volumes, is used to calculate the reaction force on an accelerating circular flat plate, containing highly-separated, 
vortical flow. The net displacement of fluid contained within the drift volumes is, through Darwin’s drift-volume added-mass 
proposition, equal to the added mass of the plate and provides the reaction force of the fluid on the body. The resultant unsteady 
force estimates from the proposed technique are shown to align with the measured drag force associated with a rapid acceleration. 
The critical aspects of understanding unsteady flows, relating to peak and time-resolved forces, often lie within the acceleration 
phase of the motions, which are well-captured by the drift-volume approach. Therefore, this Lagrangian added-mass estimation 
technique opens the door to fluid-dynamic analyses in areas that, until now, were inaccessible by conventional means.

1 Introduction

A useful tool for examining the physics of unsteady force 
generation is the concept of added mass. In potential-flow 
theory, added mass is a measure of the kinetic energy added 
to the flow by an accelerating body, causing an inertial 
force additional to the mass of the body itself. Leonard and 
Roshko (2001) define potential-flow added mass as the reac-
tive force that the body exerts on the inviscid fluid in which 
it is immersed divided by the acceleration. Potential-flow 
added mass can be used to enhance the understanding of the 
fluid physics responsible for unsteady forces. Classically, 
unsteady fluid forces have been resolved into added-mass, 
viscous-drag, and flow-history contributions, much of which 
is described by Odar and Hamilton (1964) and Karanfil-
ian and Kotas (1978). More recently, Baik et al. (2012) 
and Babinsky et al. (2016) have shown that added mass is 
a useful tool for first-order approximation in force estima-
tion models of viscous flows that use a decomposition of 
circulatory and non-circulatory forces.

Other recent studies have also used the concept of added 
mass to deepen the understanding of unsteady viscous 
flows. The added-mass force in viscous flows was inves-
tigated by Weymouth and Triantafyllou (2012, 2013) who 
rapidly reduced the frontal area of cylinders and ellipsoids to 
recover added-mass energy in the form of thrust through the 
shedding of boundary layer vorticity. Additional examples 
of variable added-mass force in viscous flows were studied 
by Polet and Rival (2015) and Fernando and Rival (2017) 
who used pitching plates to change the effective frontal area 
encountered by the free stream, while simultaneously accel-
erating, incurring a time-dependent added-mass force. These 
examples have induced an added-mass force by changing the 
effective frontal area of the geometry, which suggests that, 
over long time periods where the viscous wake is allowed to 
develop, the added-mass force is non-constant.

To carefully discern the subtle difference between the def-
inition of added mass in potential flows and added mass in 
viscous flows, the added mass associated with bodies mov-
ing through a viscous fluid will be hereinafter defined as the 
total amount of fluid moving in phase with the body. This 
definition of added mass for viscous flows allows for the 
calculation of the total reaction force felt by an accelerating 
body, rather than just the potential-flow added-mass force 
component. To measure added mass experimentally requires 
the knowledge of flow histories for individual fluid particles, 
Lagrangian measurements, to examine the fluid that is mov-
ing in phase with the body and its interaction with the body.
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Experimental measurements that utilize this Lagrangian 
frame of reference have developed considerably in recent 
years; the Lagrangian particle tracking (LPT) algorithm 
Shake-The-Box, produced by Schanz et al. (2016), allows 
optical measurements to capture high-density, time-resolved, 
Lagrangian flow data in regions of interest. Another recent 
development in Lagrangian tools is the ability to spatiotem-
porally couple information from dense Lagrangian particle 
tracks to better estimate spatial gradients on unstructured 
grids, as described by Wong et al. (2017). These types of 
Lagrangian measurement tools provide the basis for the 
added-mass calculation method that is developed within 
this paper.

2  Background

2.1  Added‑mass force

The potential-flow added-mass force can be described as 
the resisting force felt by a body that accelerates within a 
fluid, additional to the force of accelerating the body in a 
vacuum. As discussed by Brennan (1982), work must be 
done to increase the kinetic energy of the body as well as 
to increase the kinetic energy of the fluid around a body, 
the additional mass. This added mass ( ma ), as described by 
Batchelor (1967), is not defined in space but rather is calcu-
lated through an integration of the change in velocity of all 
fluid around the body.

The classical formulation for total fluid force is presented 
by Rival and van Oudheusden (2017):

where �̂� is a unit vector, � is the flow velocity, p the pressure, 
� the unit tensor, � the viscous stress tensor, CV a control 
volume, and CS a control surface for an incompressible flow. 
In the unsteady term of Eq. 1, the total integration of the 
fluid’s density is equal to some fluid mass. This fluid mass is 
proposed to be the nominal fluid mass affected by the body’s 
change in the velocity �b , the added-mass ma . If the control 
surface contributions are neglected, a case that can be made 
for control volumes that are very large relative to the body’s 
size and velocity, the unsteady term of the classical force 
formulation takes a simplified form, the added-mass force 
���(t):

The unsteady term of Eq. 1 is instead reformulated into a 
term containing added mass since the fluid acceleration field 

(1)

𝐅(t) = −�∭
CV

�𝐮

�t
dV − �∬

CS

𝐮(𝐮 ⋅ �̂�)dS +∬
CS

�̂� ⋅ (−p𝐈 + 𝐓)dS,

(2)���(t) =
�

�t
(ma�b).

in the boundary layer is difficult to resolve with modern 
experimental techniques, as Kähler et al. (2012) describes. 
Rather, the concept of added mass is used in replacement to 
calculate the unsteady force. It then follows that by expand-
ing Eq. 2 using the product rule, we arrive at the equation:

which uses the instantaneous added mass and its instantane-
ous rate of change to estimate forces on translating bodies.

Classically, the potential-flow added mass of a body only 
exists when the body is undergoing an acceleration and is 
calculated as the volumetric integral of particle accelerations 
over all space. Alternatively, a drift-volume method can be 
used to calculate the added mass of a translating body in 
either a potential or viscous flow.

2.2  Drift volume and Darwin’s proposition

Added mass was proposed by Darwin (1953) to be a cal-
culable measurement, even in potential flow, using a drift-
volume approach. A drift volume Ωd is defined as an integra-
tion of the total downstream displacement that Lagrangian 
fluid particles undergo when a body passes through a tracked 
plane of fluid, as illustrated in Fig. 1.

The net downstream displacement of fluid mass is theo-
rized by Darwin (1953) to be equal to the added mass carried 
by a moving body:

This drift-volume, added-mass equivalence has been vali-
dated on several occasions: Darwin’s proposition is an 
appealing result, due to its relative simplicity, and, therefore, 
was further investigated by many others, including Lighthill 
(1956); Yih (1985) and Benjamin (1986). Analytical assess-
ments of drift volumes on a constant-velocity potential-flow 
sphere were performed by Darwin (1953) and Eames et al. 
(1994), whereas Dabiri (2005) was able to calculate the 
added-mass coefficient of a translating fluid vortex by means 
of a drift volume developed from a wake vortex.

More importantly, Eq. 4 alludes to the existence of a non-
constant added mass, since drift-volume development has an 
associated timescale, which is not instantaneous. Hence, the 
proposition that added mass can change with time allows for 
the added-mass force to be characterized in a non-constant 
way, just as in Eq. 3.

While these first Lagrangian force estimation proposi-
tions are quite promising, the quandary of time-resolved 
force estimates in separated flows persists. The method of 
unsteady force estimation developed in the next section of 
this paper relies heavily on the time-varying aspect of added 
mass and its associated growth rate to estimate the fluid 
forces experienced by accelerating objects.

(3)���(t) =
�ma

�t
�b + ma

��b

�t
,

(4)ma = �Ωd.
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3  Proposed added‑mass calculation 
technique

The following section presents methodology for calculating 
the added mass associated with a solid body in a viscous flow. 
To better understand the drift-volume concepts presented in 
this force estimation technique, a physical test case is first 
described to allow for clearer visualizations of the method. 
The following section then details the deficiencies of using a 
single drift volume, as used in current literature, to estimate the 
added mass in an unsteady, viscous flow. These leading sec-
tions prepare for the core of the added-mass calculation tech-
nique: using multiple drift volumes to calculate added mass.

3.1  Description of test case

Until now, added-mass calculations from drift volumes 
developed from solid bodies have only been investigated 
using potential-flow analysis. To apply this area of study to 
real, viscous fluid flows, a first experimental test case was 
considered. Of particular interest is an accelerating case, 
where added-mass effects contributing to larger drag forces 
can be measured. A circular flat plate, accelerated normal to 
the flow, was chosen as the first test case for the added-mass 
estimation technique in question. For sufficiently high Reyn-
olds numbers, the circular flat-plate geometry is dominated 
by flow separation, providing a test case that is dissimilar 
from the potential-flow solution.

The acceleration magnitude and Reynolds number used in 
the test case were chosen based on the results of an experi-
mental investigation by Fernando and Rival (2016), who 
tested accelerating flat plates of varying acceleration moduli. 
The acceleration modulus a∗ is defined as

where a is the dimensional acceleration, D is the characteris-
tic length scale, which here is the plate’s diameter, and Uf  is 

(5)a∗ =
aD

U2
f

,

the final towing velocity of the motion. The parameters cho-
sen for this test case were an acceleration modulus of a∗ = 4 
and a final towing velocity equivalent to Re = 125, 000 , 
which together produce a start-up vortex from flow separa-
tion and an easily discernible added-mass force peak. This 
Reynolds number is quite high in that it produces a fully-
turbulent wake, which allows this test case to be representa-
tive of a broad class of separated flows.

The kinematics of the plate’s motion are such that the 
plate starts from rest, undergoes constant acceleration up 
to a final towing velocity Uf  , and then travels at that con-
stant velocity until steady-state conditions are reached. Now 
that the physical description of the experimental test case is 
known, the drift-volume calculation method can be better 
understood.

3.2  Single‑plane drift‑volume calculation

Figure 2 shows pathlines, coloured by time, of fluid particles 
that start upstream of a reference plane placed at x∕D = 0 
and are dragged downstream by the plate’s translation in 
the −x direction. From these tracks, the three-dimensional 
drift volume of the circular flat plate is calculated under the 
assumptions of axisymmetric flow. These assumptions are 
validated by Fernando and Rival (2016), who saw that the 
vortex ring developed in the wake of a circular flat plate 
undergoes stable, axisymmetric growth until x∕D = 6 , at 
which point azimuthal instabilities and vortex detachment 
occur.

The drift volume is calculated from displacements of 
Lagrangian particle tracks from Lagrangian particle tracking 
(LPT) or particle tracking velocimetry (PTV) algorithms. In 
the current case, the assumption of axisymmetry allowed for 
a two-dimensional slice of data along the plate’s midspan 
to be representative of the entire flow field. Each particle 
was assigned a finite two-dimensional area equal to the total 
area in the field of view (FoV) divided by the total number 
of particles initially seeded. Particles were tagged either as 
positive or negative contributors to the net drift volume, 

Fig. 1  Illustration of a drift volume, as defined by Darwin (1953). A 
body, initially upstream of a reference plane of tracked fluid, passes 
through the plane of fluid, bending it around the body. Fluid initially 

upstream of the reference plane undergoes a net downstream dis-
placement, known as a drift volume (green)
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based on their direction of travel across the reference plane. 
Positively tagged particles (green in Figs. 3 and 8) are those 
that originate upstream of the reference plane at t = 0 and 
cross the reference plane to a downstream location when 
t > 0 . Negatively tagged particles (red in Figs. 3 and 8) are 
those that originate downstream of the reference plane at 
t = 0 and cross the reference plane to an upstream location 
when t > 0.

The drift volume was calculated by performing a volu-
metric integral of revolution around the plate’s circumfer-
ence for each tagged particle in the two-dimensional FoV. 
A single reference plane, as used by Darwin (1953) and 
Eames et al. (1994) in their analysis of a sphere in potential 
flow, when used to compute the drift volume of continuous 
constant-velocity motion, provides accurate calculations of 
added mass. Because there is no start or end time for a body 
traveling at constant velocity, the time scale at which the 
drift volume develops is irrelevant. Because the added-mass 

force is in phase with the acceleration of a body, the calcula-
tion of added mass, and hence the drift volume, needs to be 
time-resolved. A drift volume developed from a single refer-
ence plane, regardless of its relative position to the body, is 
not representative of the time-resolved added mass due to 
its independent and uncorrelated time scale.

An example of reference plane selection and its associated 
drift-volume development is exemplified in Fig. 3, where four 
different x/D locations are chosen for a single reference plane 
to show their corresponding drift-volume development dif-
ferences. In this figure, the plate accelerates from rest from 
the same position in each case, but the reference plane loca-
tion is changed, resulting in different drift volumes. Due to 
the arbitrary nature of selecting an appropriate location for a 
single reference plane as well as the disparity between rapid 
acceleration and drift-volume time scales, a new multi-plane 
drift-volume calculation method was developed.

3.3  Multi‑plane drift‑volume calculation

A multi-plane drift-volume technique brings forth a solu-
tion to the problems associated with calculating added 
mass from single reference plane drift volumes. In the 
current experiment, a drift volume developed from a sin-
gle reference plane placed at x∕D = 0 , the start position 
of the plate, converges only after the plate has traveled 
∼ 4D downstream, whereas the acceleration takes place 
over a distance of x∕D = 1∕8 . The motivation for develop-
ing the multi-plane approach was to capture the instan-
taneous forces associated with the motion of all affected 
fluid around the body, not just the fluid that is able to pass 
through an arbitrarily-placed single reference plane. In 
this method, multiple reference planes are spaced equally 
apart, spanning the length of the FoV in the streamwise 
direction. The number of reference planes N used in the 
drift-volume calculation was increased, decreasing the 
spacing between planes, until the noise level of the particle 
positions was approximately one order of magnitude lower 

Fig. 2  Pathlines are shown for 
synthetically seeded particles 
that originate upstream ( x > 0 ) 
of a reference plane placed at 
x∕D = 0 . Tracks are shown 
only for particles that cross the 
reference plane, traveling from 
upstream of the reference plane 
( x > 0 ) to downstream of the 
reference plane ( x < 0 ) when 
t ≫ 0 . For enhanced clarity, 
only 10% of tracks are shown

Fig. 3  Drift-volume development is shown for four arbitrary chosen 
reference planes, equally spaced from x∕D = −1.75 to x∕D = 0.5 at 
t∗ = 2 , where t∗ = t

Uf

D
 . The amount of green (positive drift) fluid is 

noticeably different depending on reference plane location. In each 
case, the plate’s position is x∕D ≈ −1.5
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than the distance between consecutive reference planes. 
The total drift volume Ωd is calculated as the sum of the 
drift volume developed from each of the individual refer-
ence planes Ωdn

:

and is visualized in Fig. 4.
The multi-plane drift-volume method requires special 

attention to be implemented properly. If the simple case of 
N = 2 reference planes is examined more closely, poten-
tial calculation artifacts may arise. When a body passes 
through the reference planes, a drift volume develops from 
each plane independently. A problem arises when a drift 
volume originating from the first reference plane propa-
gates far enough downstream that it crosses through the 

(6)Ωd =

N∑

n=1

Ωdn
,

second reference plane. As shown in Fig. 5, a single fluid 
particle can end up being counted twice, once for each 
drift volume, if proper preventative measures are not first 
taken. In this instance, a region of overlap between two 
successive drift volumes exists and a double accounting 
of drift occurs. The same fluid particles are being counted 
once in the drift volume of the upstream plane and again 
in the drift volume of the next plane downstream. To avoid 
multiple accounts of a single Lagrangian fluid particle, 
a condition is enforced: in a multi-plane array, the drift 
volume extending from a single reference plane is only 
calculated for the region bounded by its immediately 
neighbouring reference planes. Figure 5 depicts this over-
lapping drift region developed from two successive refer-
ence planes in a multi-plane array and includes a visual 
representation of how to calculate the multi-plane drift 
volume.

Fig. 4  Illustration of multi-
plane drift-volume calculation. 
The total drift volume Ωd is the 
sum of the individual drift-
volume contributions Ωdn

 from 
many single reference planes

(A) (B) (C) (D)

Fig. 5  Double accounting of drift volume can occur when the drift 
volumes developed from two successive reference planes overlap. 
A  and B show individual drift-volume contributions Ωdn

 to the total 
drift volume Ωd . C shows the overlapping region within which dou-

ble accounting can occur. D shows the rectified total drift volume Ωd , 
limiting the calculation of the drift volume in A to within the region 
bounded by its neighbouring reference plane
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4  Experimental methods

4.1  Force measurements

The accelerating flat-plate experiment was performed in the 
towing-tank facility at Queen’s University, which is water-
filled, has a square cross-sectional area of 1 m 2 and has a 
total length of 15 m. The towing tank is equipped with a roof 
that runs along the entire length of the apparatus to mini-
mize free-surface effects. The plate’s motion was normalized 
using the following relationship for dimensionless time t∗:

where t is the physical time duration, Uf  is the final tow-
ing velocity, and D is the plate’s diameter. The plate was 
towed normal to the flow from rest to a final Reynolds num-
ber of Re = 125, 000 and was mounted perpendicular to a 
horizontal cylindrical sting, which had a diameter of 0.08D 
and a nominal length of 2D. A section of the towing tank, 
approximately 3 m in length, is depicted in Fig. 6a, along 
with the mounting configuration of the plate. A six-compo-
nent, submersible ATI Nano force transducer was mounted 
on the leeward side of the plate to record force data, and is 
depicted in the inset of Fig. 6a. The transducer had a static 
resolution of 0.125 N and was operated at a sampling rate 
of 1000 Hz. The measured force data, shown later in Sect. 5, 
was averaged over 20 runs.

(7)t∗ = t
Uf

D
,

4.2  Particle image velocimetry measurements

While LPT measurements from STB are desired for their 
length, accuracy and track density, the current test case 
avoids some of the experimental challenges associated with 
these multi-camera setups and instead takes advantage of 
the inherent axisymmetry of the circular flat plate. Planar 
PIV was used to measure the time-dependent velocity field 
in the wake of the translating plate along the midspan of 
the plate. A right-hand coordinate system was adopted such 
that the x− , y− , and z−axes were oriented in the streamwise, 
wall-normal, and spanwise directions, respectively. The flow 
field was captured using a Photron SA4 high-speed camera, 
which has a resolution of 1024 × 1024 px, and was operated 
at a frame rate of 1000 Hz. A 40 mJ per pulse Photonics 
Nd:YLF high-speed laser was used to create a laser sheet 
approximately 2 mm thick in the xy−plane. The FoV used 
for all measurements was approximately 1.2D × 1.2D in size 
and was situated at the horizontal midspan of the plate along 
the lower half of the sting, as shown in Fig. 6b.

With the original intention of measuring the development 
of a single drift volume procured from a single reference 
plane in the streamwise direction, six sets of PIV measure-
ments were taken in consecutive downstream fields of view, 
as shown in Fig. 7. Instead of moving the camera and laser 
system for each successive FoV, the initial x−position of the 
plate was varied. Each FoV had a 10% overlap with each 
of its adjacent neighbours in the streamwise direction. The 
towing motion was repeated and recorded for N = 10 identi-
cal runs for each FoV to phase average velocity field results. 

Fig. 6  A Towing-tank facility depicting the circular flat plate within 
the tank, and the location of the force transducer (shown in the inset). 
B The experimental setup for PIV measurements, including the loca-

tion of the high-speed laser and camera, and the approximate size and 
orientation of the field of view (FoV)



Experiments in Fluids  (2018) 59:64  

1 3

Page 7 of 11  64 

Fig. 7  Multiple fields of view for PIV measurements were arranged 
in the streamwise direction. In reality, the laser and the camera 
remained stationary and the plate’s starting position was altered to 

change the effective FoV captured. Red dashed lines represent loca-
tions where there exists a 10% overlap between FoVs; however, 
neighbouring FoVs have been separated for illustrative clarity

(A)

(B)

(C)

Fig. 8  Positive drift (green) and negative drift (red) are shown for 
a varying number of reference planes N at various times t∗ . Shown 
here are illustrations for N = 20 (left), N = 40 (middle), and N = 80 
(right). Multi-plane drift is shown for t∗ = 0.13 (A), t∗ = 0.25 (B), 
and t∗ = 0.38 (C). The plate, initially at x∕D = 0 with its axis of sym-

metry located on the r∕D = 0 plane, accelerates from rest at in the −x 
direction and over the time interval 0 < t∗ < 0.25 . A video showing 
time development of the N = 80 column can be viewed in the online 
supplementary material: “SupplementaryVideo1.mp4”
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A PIV algorithm was used to calculate particle positions to 
within sub-pixel accuracy, at approximately ±0.1 px. With 
an average pixel displacement between frames of 5 px, the 
resulting error in particle displacement is roughly 2%, cor-
responding to a maximum uncertainty of 4% for normalized 
velocity and 8% for normalized vorticity.

Velocity vectors were calculated at a final correlation 
window size of 32 × 32 px2 with 75% overlap. The final 
velocity data from each phase-averaged FoV was stitched 
together to form a final data set of length 7D in the stream-
wise direction, with the plate initially positioned 0.5D from 
the +x boundary of the first FoV.

To produce Lagrangian measurements from a nominally 
Eulerian flow field, 30,000 synthetic particles were seeded 
randomly into the two-dimensional velocity field at t∗ = 0 . 
This seeding density corresponds to a spatial particle density 
of 5 × 10−3 ppp, which is just below the upper particle density 
limit achievable by stereo- and tomographic-PIV techniques 
of 10−2 ppp, as described by Raffel et al. (2007), and signifi-
cantly below the limit of 0.125 ppp of the Shake-The-Box 
algorithm, as described by Schanz et al. (2016). Each particle 
was propagated in the direction of the local velocity for a 
time duration Δt equal to the inverse of the repetition rate 
of the laser and camera system, Δt = 1∕(1000 Hz) = 10−3 s . 
At each successive time step, the propagation procedure was 
repeated with the advantage that the final pathline data was 
extended far downstream so as to capture the full drift vol-
ume developed from a single reference plane, rather than be 
limited to a single FoV. This particle pathline data is visual-
ized in Fig. 2 and is used for drift-volume calculation.

The current test case assumes an axisymmetric wake, 
which is justified by the results of Fernando and Rival (2016) 
who studied the development of azimuthal instabilities in the 
wake of accelerating circular flat plates. This test case, during 
initial acceleration, has a strong yet stable vortex ring, mak-
ing the two-dimensional assumption about the movement of 
synthetic particles reliable. The axisymmetric flow around 
the plate’s circumference was used to convert the nominally 
two-dimensional drift area into a full three-dimensional 
drift volume by means of cylindrical integration. At each 
time step, individual fluid particles were revolved around 
the plate’s axis of symmetry for the calculation of a three-
dimensional drift volume. In general, three-dimensional 
time-resolved measurements are required for this technique 
as the assumption of axisymmetry does not always exist.

5  Results and discussion

5.1  Multi‑plane drift volume

Positive (downstream) and negative (upstream) drift 
volumes were calculated at each time step using the 

aforementioned multi-plane drift-volume calculation 
method. The number of reference planes in the multi-
plane drift-volume force estimation technique was at first 
varied from N = 5 to N = 80 , where the distance between 
consecutive planes was halved at each iteration. Thus, the 
values of N analyzed were N = 5, 10, 20, 40 and 80 . An 
illustration of N = 20 , N = 40 and N = 80 is seen along 
the top row of Fig. 8, where only the streamwise range of 
−1.5 < x∕D < 0.5 out of the total range of −6.5 < x∕D < 0.5 
is shown. Subsequent rows in Fig. 8 show the developed 
multi-plane drift, at times t∗ = 0.13 , t∗ = 0.25 , and t∗ = 0.38.

The main advantage of having N as large as possible 
is that the drift volume is developed less intermittently 
in space, seen in the discrepancy between the columns of 
Fig. 8. At N = 80 , the effects of discrete reference planes 
are minimized by allowing the development of a single 
quasi-continuous drift volume. Lower values of N have 
qualitatively identifiable regions of drift (green/red) and 
no-drift (white) between reference planes, which hinders 
the incorporation of all moving fluid in the total force cal-
culation. For N ≫ 80 , exemplified by the N = 100 curve 
in Fig. 9, fluctuating errors in the velocity field calculated 
from PIV give artificial streamwise movement of fluid 
particles and incorrectly estimate the total drift volume.

In the current test case, the physical calibration target, 
used to convert camera pixels into physical locations in 
space, is considerably smaller than the FoV. Because the 
calibration target is located in the center of the FoV, PIV 
errors associated with calibration give sporadic results near 
the outer edges of the FoV, whereas more accurate results 
are obtained in the center region. When N is increased past 
approximately N = 90 , these spurious vectors near the edge 
of the FoV cause particle displacements to become erro-
neous. Errors are also induced where velocities are very 
small, typically far from the body, since seeding particle 
displacements between sequential camera frames can be too 
small for PIV correlation peaks to correctly define positive 
or negative x-direction displacements. An incorrect deter-
mination of small x-displacements will, due to the small gap 
between reference planes associated with large N, produce 
erroneous drift-volume contributions.

Figure 9 shows only N ≤ 100 , since these values of 
N are relevant to the discussion of multi-plane versus 
single-plane drift-volume methods. N > 100 is not plot-
ted, because above N ≈ 90 the current data set generates 
false drift-volume regions near the FoV extremities where 
artificial drift-volume contributions are on the same order 
of magnitude as near-body regions of drift, a non-physical 
artifact. In the current test case, a window of approxi-
mately 70 < N < 90 exists where the drift-volume force 
estimation technique produces results that agree well with 
the measured force. The minimum value of N that pro-
duces accurate results is on the order of one reference 
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plane per streamwise correlation window. In the current 
test case, 32 × 32 px2 correlation windows were used over 
a sensor size of 1024 × 1024 px2 with approximately 25 
reference planes per FoV (corresponding to N = 80 ). 
The lower threshold for the number of reference planes 
required per body length, N∗ , can be expressed as:

where ND is the number of reference planes in one body 
length, and D is the body length. N∗ is effectively the repre-
sentation of reference plane spacing and is equal to N∗ = 13 
in the N = 80 case. More accurate PIV data in the far field, 
from a more sophisticated calibration technique or larger 
calibration target, will allow the optimal range of N to extend 
higher without sacrificing accuracy in the method.

The rows of Fig. 8 show the drift-volume development 
over time. Green and red particles (positive and negative 
drift) become more dense near the plate’s center at r∕D = 0 
as t∗ increases. When t∗ ≥ 0.5 , clipping occurs at the edge 
of the FoV since non-negligible far-field fluid x-direction 
displacements tend toward larger r / D with increasing t∗ . 
Therefore, the confidence interval for the drift-volume cal-
culation in this experiment is limited to 0 ≤ t∗ < 0.5.

5.2  Added‑mass force analysis

Using Darwin’s drift-volume, added-mass equivalence 
(Eq. 4), the net downstream drift calculated from the multi-
plane approach is, at each time step, said to be equal to 
the instantaneous added mass of the accelerating flat plate. 
Subsequently, the total force acting on the plate is calculated 
using Eq. 3, where the control surface terms in the classical 
force formulation, Eq. 1, are for now assumed to be negligi-
ble, and is shown in Fig. 9 for each value of N considered.

(8)N∗ =
ND

D

The current drift-volume force estimation technique 
is compared to the measured force over the time interval 
0 ≤ t∗ ≤ 1 and is shown in Fig. 9. The estimated forces 
converge to the measured force for values of N between 
N = 70 and N = 90 (corresponding to 11 ≤ N∗ ≤ 15 ), dur-
ing the acceleration phase of 0 < t∗ < 0.25 . Below N = 70 , 
the calculated force is not representative of the measured 
force since some remaining errors associated with single-
plane drift-volume calculations still exist. Similarly, above 
N = 100 ( N∗ = 17 ), the calculated force begins to diverge 
from the measured force in the region of peak force due 
to finite errors in particle positions, stemming from small 
inaccuracies in the velocity field, as explained in Sect. 5.1.

Also compared in Fig. 9 is the added-mass force calcu-
lated from potential-flow theory, shown in blue. This force 
curve is calculated using the added-mass coefficient for 
a circular flat plate, cii = 8∕3 , from Brennan (1982). The 
added-mass force in potential flows exists purely within 
the acceleration phase of the motion, over the time interval 
0 < t∗ < 0.25 , and is proportional to the acceleration of the 
body. Figure 9 clearly shows that the classical added-mass 
force is insufficient for predicting the total force on an accel-
erating plate; it is unable to capture either the increasing 
force development or the peak force on the plate.

For sufficiently large N, the Lagrangian drift-volume 
force estimation method produces results that initially track 
the measured force well. In the region of 0 < t∗ < 0.25 , the 
average difference between measured drag coefficient CDM

 
and drift-volume drag coefficient CDDV

 is

When this mean difference is compared to the peak meas-
ured drag coefficient of 

(
CDM

)
max

= 7.1 , the result is an aver-
age of 3% error.

(9)
|||
CDM

− CDDV

|||avg
= 0.24.

Fig. 9  Forces are calculated 
from the multi-plane drift-
volume approach for a varying 
number of reference planes 
N. The measured force from a 
physical force transducer (black 
dashed line) is shown for com-
parison. The classical added-
mass force from potential flow 
(blue) is directly proportional 
to the acceleration of the body; 
however, it does not match up 
with the measured force peak. 
The acceleration occurs over the 
time interval 0 < t∗ < 0.25
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5.3  Transition toward steady state

When the plate travels at constant velocity after its accel-
eration phase, hereinafter referred to as the “steady-state” 
region, the time rate of change term in Eq. 1 tends to zero 
due to the decreasing time dependence in the flow field. The 
convective, pressure and viscous control surface terms, how-
ever, become non-negligible in their contribution to the force 
history as the plate undergoes constant-velocity motion and 
experiences steady-state drag. The main assumption made 
in Sect. 2 that allows the use of Eq. 3 in the drift-volume 
method is one that breaks down after the body is no longer 
accelerating. The fluid contained within the volume inte-
gral in the time-dependent term of Eq. 1 was assumed to 
be the fluid that moves in phase with the body, the added 
mass, which is no longer accelerating when the body is no 
longer accelerating. This assumption is consistent with the 
results, implying that the drift-volume method, using only 
the unsteady term to estimate the total force, does not have 
the ability to estimate an accurate drag force past t∗ = 0.25.

The measured force curves for 70 ≤ N ≤ 90 in Fig. 9 sug-
gest that, even though the body has stopped accelerating at 
t∗ = 0.25 , the surrounding fluid has a non-zero relaxation 
time as the measured force is reduced from its peak over the 
interval 0.25 < t∗ < 1 . From t∗ ≈ 0.5 onward, the measured 
force curve tends toward steady-state and can be explained 
by the vortex dynamics explored by Fernando and Rival 
(2016).

6  Conclusions

A new method for non-intrusively estimating the unsteady 
force on an accelerating body through calculation of its 
added mass has been developed. This method uses the prop-
osition that instantaneous added mass in a viscous flow can 
be derived from the development of multiple Lagrangian 
drift volumes, using the drift-volume, added-mass equiva-
lence proposed by Darwin (1953). The presented method 
resolves the entire reaction force of the fluid surrounding a 
body caused by its acceleration.

It is shown that the number of reference planes per char-
acteristic body length, N∗ , in the multi-plane drift-volume 
calculation is a critical value in alleviating the residual inac-
curacies of single-plane drift-volume calculations while also 
avoiding artifacts stemming from measurement uncertainty. 
Using a sufficiently high value of N∗ , the unsteady forces 
calculated from the described Lagrangian drift-volume 
method are shown to align well with the measured force 
on a circular flat plate during acceleration from rest. Once 
the plate was no longer accelerating, and constant veloc-
ity was reached, mathematical assumptions associated with 
the drift-volume force estimation method no longer hold. 

However, the critical aspects of understanding unsteady 
flows, relating to peak and time-resolved body loading, often 
lie within the acceleration phase of a body’s kinematics. The 
proposed method captures the dynamics of this acceleration 
phase well in the current experiment; the force estimate was 
within 3% of the measured force.

This unique force estimation technique, using a viscous 
characterization of potential-flow added mass, opens the 
door for new methodologies of unsteady force analysis and 
models. For example, using the full 3 × 3 added-mass ten-
sor, it may be possible to extrapolate the current research to 
added-mass effects associated with moments and lifting bod-
ies. Further validation on highly-separated, highly-unsteady 
flows is yet required to demonstrate the full benefit of this 
force estimation technique; however, this first investigation 
serves as the proving ground for a new trend toward the use 
of Lagrangian measurement techniques for fluid dynamics 
analysis.
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