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respect to the number of particles. However, the technique 
will remain feasible even as advancements in particle-
tracking techniques in the future increase the density of 
Lagrangian data.

1 Introduction

This study is intended as a proof-of-principle for a tech-
nique which has been developed to extract time-resolved, 
three-dimensional pressure fields from Lagrangian flow 
data without interpolation. In the introduction, the current 
state of the art in pressure extraction is briefly reviewed, 
and the theory and mechanics of the Lagrangian pressure 
extraction technique are explained. The technique is then 
demonstrated: first with a simple analytical flow field, for 
validation and characterization, then with an experimental 
case, to test its feasibility with currently available particle-
tracking techniques.

1.1  Background

As Lagrangian flow measurement techniques increase in 
feasibility and prevalence, it is imperative that the possi-
ble applications of Lagrangian data are fully explored. One 
such application that has yet to be explored is the extrac-
tion of time-resolved, three-dimensional pressure fields 
from Lagrangian flow data. Previous studies reviewed by 
van Oudheusden (2013) and Villegas and Diez (2014) have 
investigated pressure-field extraction using optical flow 
measurements; however, most of the work reviewed in 
these studies has focused on extracting pressure fields from 
flow data in an Eulerian framework, in which the locations 
of all know flow data conform to a static, structured 2D or 
3D grid. The concept of extracting a pressure field from 
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data obtained via flow visualization is not a recent inven-
tion. As far back as 1935, Schwabe (1935) extracted the 
pressure field around a circular cylinder in water by record-
ing the motion of tracers in the flow and manually integrat-
ing along particle streaklines using the unsteady Bernoulli 
equation. Imaichi and Ohmi (1983) performed a similar 
experiment in which the movement of tracers in a two-
dimensional cylinder flow was recorded, and the veloci-
ties manually calculated. However, in their experiment, the 
velocities were interpolated to a structured two-dimensional 
grid, and the pressure field was extracted by integrating the 
vector Navier–Stokes equations using finite differences. 
Soon after the advent of digital particle image velocime-
try, which automated the process of converting tracer par-
ticle recordings into structured velocity fields, methods for 
extracting the pressure field from PIV data were developed. 
The method of extracting the pressure field from two-
dimensional PIV data by integrating the vector Navier–
Stokes equations was demonstrated by Jakobsen et al. 
(1997) and Baur and Kongeter (1999) for wave phenom-
ena and the shear layer behind a surface-mounted obsta-
cle, respectively. At the same time, the method of extract-
ing the pressure field by integrating the Poisson equation 
for pressure was demonstrated by Gurka et al. (1999) and 
Hosokawa et al. (2003) for a nozzle flow and bubbles in 
laminar flow, respectively. Violato et al. (2011) investigated 
a pressure extraction technique performed on a structured 
grid where the Lagrangian material derivative field was 
found by reconstructing particle trajectories using tomo-
graphic-PIV data, and Novara and Scarano (2013) investi-
gated pressure extraction by combining tomographic-PIV 
measurements with three-dimensional particle-tracking 
velocimetry in order to subtantially increase the particle 
density of the Lagrangian measurements. However, in both 
of these studies, the pressure extraction was ultimately per-
formed by interpolating the Lagrangian material derivative 
field to a structured grid.

The primary advantages of operating in a Lagrangian 
framework, as in the present work, are that the errors inher-
ent in interpolating Lagrangian data onto a structured grid 
are avoided, the material derivative is simple to calculate, 
and, as shown by Kähler et al. (2012), it is easier to obtain 
reliable data close to physical boundaries compared to 
purely Eulerian measurement techniques. A disadvantage 
of Lagrangian flow data is the potential lack of consistency 
in spatial particle density throughout the measurement vol-
ume, which can be caused by variations in the local spa-
tial particle density. However, when spatial particle den-
sity is inconsistent throughout the volume, interpolation 
to an Eulerian grid will require a compromise to be met 
between the two densities to enforce a single grid spacing 
throughout the volume, filtering higher density regions and 
introducing additional interpolation error in lower density 

regions. Performing all operations in the Lagrangian frame 
on a particle network eliminates filtering and interpola-
tion error, and preserves the local spatial particle density 
throughout the measurement volume.

The optical particle density of Lagrangian particle 
tracking has historically been limited to densities on the 
order of 10−3 particles per pixel (ppp), as shown by Lüthi 
et al. (2005). This optical particle density limit is an order 
of magnitude lower than the limits for stereo- and tomo-
graphic-PIV, which are stated by Raffel et al. (2007) to be 
approximately 10−2 ppp and 5 × 10−2 ppp, respectively. 
However, recent advancements in processing techniques, 
demonstrated by Schanz et al. (2013, 2014), will allow 
Lagrangian particle-tracking data to be collected at optical 
densities of up to 0.125 ppp.

1.2  Poisson equation for pressure

Two distinct methodologies have been employed in extract-
ing the pressure field from Eulerian flow data. As shown by 
Gurka et al. (1999), the pressure field can be calculated by 
converting the Navier–Stokes equation to a Poisson equa-
tion and extracting the pressure field by integration of the 
Poisson equation. Alternately, the pressure gradients can be 
calculated using the vector Navier–Stokes equations and 
directly integrated to find the pressure field, as shown by 
Baur and Kongeter (1999). Taking particle positions as the 
primary measurement data, each of the pressure extraction 
techniques requires the evaluation of a third-order deriva-
tive. In the gradient integration technique, the third-order 
derivative is the Laplacian of velocity, a second-order spa-
tial derivative of the velocity, which is itself a first-order 
temporal derivative of the particle position. In the Pois-
son equation, it is the divergence of the material deriva-
tive, which is a first-order spatial and second-order tempo-
ral derivative of position. In most high Reynolds number 
flows, the viscous term in the vector Navier–Stokes equa-
tions can be neglected, eliminating the need for a second-
order spatial derivative to be calculated. However, as dis-
cussed by van Oudheusden (2013), the viscous term cannot 
be neglected in highly viscous regions, such as the near-
body wake of a bluff body. In a Lagrangian frame, tem-
poral derivatives are more robust than spatial derivatives, 
since temporal derivatives are simply calculated along a 
particle track while spatial derivatives must be calculated 
on an unstructured network of nodes. Therefore, using the 
Poisson equation is more robust in cases where Lagrangian 
particle tracking is to be used to extract the pressure field 
in highly viscous regions. Additionally, integration of the 
Poisson equation has the advantage that there is no path-
dependence in the integration, unlike the integration of the 
vector Navier–Stokes equations. There exists an integra-
tion method, developed by Liu and Katz (2006), which 
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eliminates the path-dependence in the integration of the 
vector Navier–Stokes equations. However, this method was 
developed with a two-dimensional structured grid in mind, 
and adaptation to a three-dimensional unstructured grid 
would be both prohibitively computationally expensive, 
and cumbersome to implement. Since the integration of the 
Poisson equation is performed globally, it can very easily 
be implemented on an unstructured grid. Therefore, in the 
present study, a Poisson solver has been utilized to extract 
the pressure field from Lagrangian particle-tracking data.

The general incompressible form of the Navier–Stokes 
equation in vector notation is:

where ∇p is the gradient of pressure, Du/Dt is the material 
derivative of velocity, ∇2

u is the Laplacian of velocity, ρ is 
the density, and µ is the dynamic viscosity. Applying the 
divergence operator to both sides of Eq. (1), we obtain a 
single differential expression for pressure:

where the divergence of the viscous term is eliminated by 
a vector identity combined with the equation of continuity 
and the assumption of incompressibility.

In a Lagrangian framework, the material derivative can 
be evaluated using only a temporal derivative along the par-
ticle track:

where up(t) and xp(t) are the velocity and position, respec-
tively, of particle p at time t. Combining Eqs. (2) and (3), 
the final form of the Poisson equation for pressure can be 
written as:

Equation (4) is the Poisson equation for pressure, with the 
source function given as the negative of density multiplied 
by the divergence of the acceleration of the particle.

1.3  Meshing the domain

To numerically solve the Poisson equation and extract pres-
sure, the ability to perform vector calculus operations is 
necessary. In an Eulerian frame this is trivial, as standard 
finite difference equations can be used. In a Lagrangian 
frame, a network must first be constructed on the field of 
data nodes. In the present study, the network is constructed 

(1)∇p = −ρ
Du

Dt
+ µ∇2

u,

(2)∇2p = −ρ

(

∇ ·
Du

Dt

)

,

(3)
Du

Dt
=

d

dt
up(t) =

d2

dt2
xp(t),

(4)∇2p = −ρ

(

∇ ·
d2

dt2
xp(t)

)

.

using the Voronoi tessellation and its dual, the Delaunay 
triangulation.

In three-dimensional space, the Delaunay triangulation 
of a field of data nodes meshes the domain with tetrahe-
dra. Each tetrahedron is a quadruplet of data nodes, and 
the circumsphere of the tetrahedron does not contain any 
other data nodes. Any two points which are in the same 
tetrahedron are then considered to be neighbors in the net-
work. The Voronoi tessellation then creates a set of cells 
that correspond bijectively to the set of data nodes. Each 
Voronoi cell is a polyhedron whose faces correspond bijec-
tively to the neighbors of the data node associated with the 
Voronoi cell (see Aurenhammer 1991). An example of a 
Voronoi cell in two-dimensional space is shown in Fig. 1. 
Using the Delaunay triangulation and Voronoi tessella-
tion, a distance hij, a cell face size sij, and a normal vec-
tor n̂ij can be determined for every connection in the net-
work. Using these parameters, expressions can be derived 
for performing discrete vector calculus operations on the 
network. During the meshing process, each data node 
will be classified as either bounded or unbounded. An 
unbounded node is a node which lies on the exterior bound-
ary of the tessellated network. The Voronoi cell face asso-
ciated with a pair of unbounded points will be infinite in 
size, and therefore when constructing the network, for the 
purposes of computation, unbounded nodes are not con-
nected to one another. When performing an integration on 
the network, unbounded nodes are used to enforce either 
Dirichlet boundary conditions, when the value of the solu-
tion is specified on the boundary, or Neumann boundary 
conditions, when the value of the derivative of the solution 
is specified on the boundary. Bounded nodes are nodes for 
which the Voronoi cell is finite in size and are treated as 
interior points for the purpose of iterative integration.

Fig. 1  Example of a Voronoi tessellation in a two-dimensional 
space. The black dots represent data node locations. Black lines indi-
cate connections between neighbors, red lines indicate Voronoi cell 
boundaries. Point i and neighbor j have a corresponding distance and 
Voronoi cell face size, labeled hij and sij, respectively
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1.4  Numeric solution of the Poisson equation in an 
unstructured domain

The three vector calculus operators needed to numerically 
solve the Poisson equation are the gradient operator, the 
divergence operator, and the Laplace operator. An expres-
sion for evaluating the gradient operator in an unstruc-
tured discrete environment can be derived by applying 
Green’s theorem to a general scalar field and discretizing 
the result with respect to the parameters of the network. 
An expression for the divergence can be derived by apply-
ing the same process to a general vector field. The result-
ing expressions for the gradient and divergence are shown 
below:

where ∇ is the vector differential operator, ψ is some sca-
lar field, F is some vector field, D is the dimension of the 
space, n̂ij is the normalized vector pointing from i to j, sij 
is the size of the cell face shared by i and j, and hij is the 
distance from i to j. For evaluation of the Laplace operator, 
the following equation, derived by Sukumar and Bolander 
(2003), is used:

Equation (5) can be rearranged to isolate for the value of 
the field at a node and is used to enforce a Neumann bound-
ary condition, while Eq. (6) is used to compute the value 
of the source field. Rearranging Eq. (7) to isolate for the 
value of the scalar field at point i provides an equation that 
is used to solve the Poisson equation iteratively on interior 
nodes. The iterative integration technique used is known as 
the successive over-relaxation (SOR) algorithm, a method 
developed by Young (1950) which can be used to stabilize a 
diverging iterative process or speed up the convergence of a 
slowly converging iterative process. If the next iteration of 
φ is given by:

where φ is a variable or field and f  is some linear function, 
then the SOR algorithm for iteratively solving for φ is:

(5)∇ψi =

∑

j

[(
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(8)φ[k+1] = f
(

φ[k]
)

,

(9)φ[k+1] = (1 − ω)φ[k] + ωf
(

φ[k]
)

,

where ω is the relaxation parameter, which must be within 
0 < ω < 2. Values of 1 < ω < 2 cause the convergence 
rate to increase but can induce instability, while values of 
0 < ω < 1 will slow down the rate of convergence while 
making the process more stable. When utilizing the SOR 
method on a structured grid, it is possible to calculate an 
approximately optimal relaxation factor, based on the 
grid spacing, which will induce the fastest possible con-
vergence. This is not possible with unstructured data, as 
the spacing of data nodes is not consistent throughout the 
domain. As such, in the present study, a highly conservative 
relaxation factor was chosen so as to increase the rate of 
convergence to a small degree without inducing instability.

Finally, it should be noted that the solution of the itera-
tive process has no dependence on the relaxation param-
eter. The criterion for convergence of the solution is 
φ[k+1] ≈ φ[k] to a specified degree of accuracy, substituting 
the convergence criterion into the left side of Eq. (9):

From this, it can be seen that the converged solution of the 
SOR method will be dependent only on the underlying dif-
ferential equation and boundary conditions, and insensitive 
to the relaxation parameter.

2  Analytical test case

2.1  Hill’s spherical vortex

Extracting pressure fields from synthetic data at varying 
levels of particle densities allows assessment of the rela-
tionship between pressure-extraction sensitivity and spatial 
particle density in the absence of uncertainty in the veloc-
ity data. Unlike in experimental data, in an analytical case 
turbulence is neglected, and so flow structures exist only at 
a single scale. In the absence of smaller-scale structures, 
the spatial particle density can be increased until conver-
gence is achieved, to determine the density required to 
adequately resolve structures at the current scale. Addition-
ally, synthetic tests can be used to characterize the relation-
ship between the computational time and the number of 
particles.

Hill’s spherical vortex was chosen for initial valida-
tion of the technique primarily because it is the simplest 

φ[k] ≈ (1 − ω)φ[k] + ωf
(

φ[k]
)

,

φ[k] ≈ φ[k] − ωφ[k] + ωf
(

φ[k]
)

,

0 ≈ −ωφ[k] + ωf
(

φ[k]
)

,

ωφ[k] ≈ ωf
(

φ[k]
)

,

φ[k] ≈ f
(

φ[k]
)

.
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available analytical flow field containing a vortex structure. 
Derived by Hill (1894), Hill’s spherical vortex is a solu-
tion to the Navier–Stokes equations in which it is assumed 
that within a sphere centered on the origin, vorticity is pro-
portionate to the distance from the z-axis, and outside the 
sphere the fluid is irrotational. In an axisymmetric cylindri-
cal coordinate system, the Stokes stream function govern-
ing Hill’s spherical vortex is:

where r is the radial position, z is the axial position, u∞ is 
the freestream velocity, and a is the radius of the spherical 
vortex. The z-axis is the axis of symmetry, and u∞ is ori-
ented parallel to the z-axis. The velocity field is then found 
using the following equation:

and the Eulerian material derivative field is calculated 
using:

When discussing and generalizing the results of this pres-
sure extraction technique, it is useful to discuss pressure 
in a dimensionless form, for which the pressure coefficient 
can be used. The general expression for the pressure coef-
ficient is:

There is no analytical pressure field for Hill’s spheri-
cal vortex, therefore in order to obtain a reference pres-
sure field against which extracted pressures could be com-
pared, a standard Eulerian Poisson solver was employed 
to determine the 2D axisymmetric pressure field. The 
Eulerian pressure field was considered to have converged 
when the average change in the pressure field across the 
domain was 10−4 Cp, and a grid convergence test found 
that the average sensitivity of the pressure field to an 
increase in nodes was 10−3 Cp. Figure 2 shows the stream-
lines of the analytic case superimposed on the refer-
ence pressure field. Since the flow external to the sphere 
behaves as a potential flow around a solid sphere, there 
are stagnation points located along the streamwise axis at 
z/a = ±1. The flow within the sphere takes the form of 
a vortex ring revolving around the streamwise axis, and 
there is a corresponding low-pressure region along the 
core of the vortex ring.

(10)ψ(r, z) =
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(11)u(r, z) = −
1

r

∂ψ(r, z)

∂z
êr +

1

r

∂ψ(r, z)

∂r
êz,

(12)
Du

Dt
= ∂tu + (u · ∇)u.

(13)Cp =
p − p∞

1
2
ρu2

∞

.

2.2  Analytical results

To assess the accuracy of the pressure extraction tech-
nique, synthetic Lagrangian datasets were created and 
processed. Synthetic particle locations were restricted to a 
cubic region around the spherical vortex which had a side 
length of 4a. Using Eqs. (10, 11, 12), the synthetic particles 
were assigned acceleration values such that the field of data 
nodes was equivalent in format to typical post-processed 
Lagrangian particle-tracking output. Unbounded particles 
detected at the boundaries of the measurement volume 
were utilized to enforce the Dirichlet boundary condition. 
The particle network was created and the pressure was 
extracted using the technique outlined in Sect. 1. In the 
iterative integration stage, a relaxation parameter value of 
ω = 1.02 was found to increase the rate of convergence 
of the solution without causing instability, and the solu-
tion was considered to have converged when the average 
change in the pressure field across the domain was less than 
10−6 Cp. To generalize the particle density, it is discussed in 
terms of the normalized spatial particle density, defined as 
the number of particles in the measurement volume divided 
by the normalized volume:

where N∗ is the normalized spatial particle density, N is 
the number of particles in the measurement volume, V  is 

(14)N∗ =
N

V∗
, V∗ =

V

a3

Fig. 2  Streamlines of Hill’s spherical vortex, shown in normalized 
radial and axial coordinates. Within the sphere of radius a, vorticity 
is proportional to the distance from the z-axis, and outside the sphere 
the fluid is irrotational. Streamlines are superimposed on a pressure 
field which was obtained numerically using a standard Eulerian Pois-
son solver on a structured 2-D grid
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the measurement volume, and a is the characteristic length 
of the flow. The spatial particle density is a measure of the 
number of particles occupying each characteristic volume 
throughout the region of measurement. Since N∗ is equiv-
alent to the number of particles contained in a single a3 
volume, it can also be referred to as N/a3. For the analyti-
cal case, the radius of the spherical vortex was used as the 
characteristic length.

The synthetic datasets were created with spatial par-
ticle densities ranging over three orders of magnitude, 
from 102 particles to 105 particles, corresponding to nor-
malized spatial particle density range of approximately 
15 < N/a3 < 15,000. In order to assess the accuracy of 
the pressure extraction at various spatial particle densi-
ties, the extracted pressure fields were compared to the 
reference pressure field, shown in Fig. 2, by interpolat-
ing reference pressure values onto particle locations. A 
linear interpolation scheme was used for this purpose, 
with interpolation errors on the approximate order of 
O(h), where h is the grid spacing. The grid spacing 
used to calculate the Eulerian reference pressure field 
was on the order of 10−3a, therefore the interpolation 
error is approximately 10−3Cp. Relative pressure error 
was calculated as the mean of the absolute difference 
in pressure coefficient fields across the measurement 
volume.

Figure 3a shows a log–log plot of the observed rela-
tionship between the relative extracted pressure error and 
normalized spatial particle density in the analytical case. 
The approximately linear trend indicates a power-law rela-
tionship between relative pressure extraction error and the 
spatial particle density, and a linear regression estimated 

this power to be approximately −0.63 ± 0.04. The signifi-
cance of this relationship is that it demonstrates a decay in 
the error which is consistent with the convergence of the 
extracted pressure field to some exact solution. Thresh-
olds for convergence will vary from case to case and will 
depend on the acceptable level of extraction error; how-
ever, it is worth noting that in the absence of turbulence, 
in order to achieve a mean error on the order of 10−3 Cp, 
a spatial particle density on the order of N/a3 ≈ 102.5 is 
required.

Figure 3b shows a log–log plot of the observed rela-
tionship between computational time and the number of 
particles in the network, for both network construction 
and overall pressure extraction. Again, the linear trend 
indicates a power-law relationship, and a linear regres-
sion found powers of approximately 1.1 and 1.2 for 
network construction and overall pressure extraction, 
respectively. The computational time of the Voronoi tes-
sellation and Delaunay triangulation are both O(n log n); 
however, the rate-limiting step in the network construc-
tion is the association of Voronoi cell faces to neighbors. 
This operation has computational time O(n), since the 
average number of neighbors belonging to a particular 
particle is independent of the total number of particles. 
The combination of these two processes is sufficient to 
explain the slightly nonlinear behavior of the computa-
tional time of the network construction. Finally, the pro-
cess of numerically solving the Poisson equation through 
brute force numerical iteration will result in additional 
nonlinear dependence of computational time on the num-
ber of particles. All analysis was performed serially on 
standard laboratory PCs using MATLAB.
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Fig. 3  a Log–log plot of relative pressure extraction error versus 
the density of particles per characteristic length scale cubed, show-
ing a clear power-law relationship between error and spatial particle 
density. A linear regression found that the error was approximately 
proportional to (N/a3)−0.63, b Log–log plot of computation time ver-
sus number of nodes for both the network construction and the total 

computational time (network construction and pressure integration), 
showing a power-law relationship between computational time and 
the number of particles. Linear regressions found that the computa-
tional time of the network construction and total pressure extraction 
were approximately proportional to N1.1 and N1.2, respectively
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Figure 4 shows three sample extracted pressure fields 
at varying orders of magnitude of normalized spatial parti-
cle density. It should be noted that synthetic particles were 
distributed in three-dimensional space using a uniform 
distribution within the measurement volume, but the pres-
sure field is displayed in a two-dimensional axisymmetric 
frame, causing the particle density to appear to increase 
radially. At N/a3 ≈ 15, the features of the pressure field are 
difficult to observe primarily due to the lack of particles, 
the core of the vortex can be distinguished by a region of 
lowered pressure, but the stagnation points are not easily 
identified. At N/a3 ≈ 234, the spatial particle density is 
sufficient to observe both the core of the vortex ring and 
the two stagnation regions by regions of low and high pres-
sure, respectively. Increasing the spatial particle density to 
N/a3 ≈ 781 increases the resolution of the extracted pres-
sure field, but it does not significantly affect the results of 
the pressure extraction.

3  Experimental test case

3.1  Experimental methods

Experiments were performed in a free-surface towing tank 
at the University of Calgary. A traverse system was used to 
impulsively accelerate a NACA 0012 wing with a squared-
off tip, a chord of c = 5 cm, 20 cm between the tip and the 
free surface of the water, and an angle of attack of α = 45◦, 
from rest to a final velocity of uf = 0.1 m/s as it traveled 
through the measurement region. The linear motion of the 
traverse system is accurate to within ±0.2 mm or ±0.004c. 
Figure 5 shows a diagram of the NACA 0012 at a particu-
lar position as it passes through the measurement volume, 

and Table 1 shows a list of the relevant parameters of the 
experiment.

The towing tank was seeded with 100-µm hollow glass 
spheres with a density of approximately 1,000 kg/m3. To 
determine the fidelity with which the particles followed the 
flow, the Stokes number was estimated for the current case. 
The Stokes number is calculated using:

Fig. 4  Sample extracted 
pressure fields for the ana-
lytical case, for three orders of 
magnitude of normalized spatial 
particle density. Pressure fields 
are shown as two-dimensional 
scatter plots, with pressure 
indicated by color of particle. 
Apparent increase of particle 
density in radial direction is 
an effect of translating three-
dimensional particle fields into 
an axisymmetric cylindrical 
frame

Fig. 5  NACA 0012 position in measurement volume in spanwise–
streamwise plane (left) and streamwise–transverse plane (right). The 
transverse location of the wing was chosen for optimal optical access 
to the suction side of the flow field

Table 1  Parameters of the experimental case used for pressure 
extraction

Profile NACA 0012

Medium Water

Chord (m) c 0.05

Acceleration period (t∗) t
∗
accel

0.5

Final velocity (m/s) uf 0.1

Temperature (◦C) T 38

Reynolds number Re 7,500
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where τ is the relaxation time of the particle, u∞ is the 
velocity far from the obstacle in the flow, and dc is the char-
acteristic length scale of the obstacle. For low Reynolds 
numbers, Re < 1, the relaxation time of a particle can be 
calculated using:

where ρd is the density of the particle, dd is the diameter 
of the particle, and µf is the dynamic viscosity of the fluid. 
Since the maximum Reynolds number of a particle in the 
fluid is Re = 10, for a particle which is completely station-
ary, Eq. (16) is a reasonable approximation. The Stokes 
number for a particle in the flow can then be estimated 
using:

Substituting the chord of the wing in for the characteristic 
length scale of the obstacle, and the maximum velocity of 
the wing in as an approximation of the velocity far from the 
obstacle, the Stokes number is approximately Stk ≈ (10−3). 
Since Stk < 0.1, it can be assumed that tracing errors are 
less than 1 % (see Tropea et al. 2007). The towing tank was 
heated to 38 °C to increase the Reynolds number while keep-
ing the chord and final velocity within the limits imposed by 
the high-speed camera frame rate. With the increased water 
temperature, the Reynolds number of the experimental case 
was Re = 7,500. The measurement region was limited to 
a circular column oriented in the spanwise direction with 
a length of l = 0.16 m and a diameter of d = 0.08 m. The 

(15)Stk =
τu∞

dc

,

(16)τ =
ρdd2

d

18µf

,

(17)Stk ≈
ρdd2

d u∞

18dcµf

.

coordinate system was such that the x-direction was oriented 
in the streamwise direction, the z-direction was oriented in 
the spanwise direction, and the y-direction was oriented in 
the transverse direction. Images recorded by the high-speed 
cameras were processed using the three-dimensional Lagran-
gian particle-tracking technique demonstrated by Lüthi et al. 
(2005) to obtain Lagrangian flow data. Time was non-dimen-
sionalized using Eq. (18):

where t∗ = 0 is defined as the beginning of the motion.
Figure 6 shows the experimental set-up. Four PCO.edge 

sCMOS high-speed cameras were used, each recording a field 
of view of 0.08 × 0.04 m2 with a resolution of 2,560 × 1,280 
pixels, and at a framerate of 120 Hz. Based on the field of view 
and camera resolution, the spatial resolution of the 3D-PTV 
system was determined to be approximately ±3 × 10−5 m. 
Using the method described by Feng et al. (2011), the relative 
uncertainty in the velocity data was estimated to be approxi-
mately δu/uf ≈ ±0.05. Based on the physical size of the 
measurement volume, chip size, framerate, and interparticle 
distance, the maximum measurable velocity and acceleration 
were estimated to be ±0.15 m/s and ±18 m/s2, respectively.

In order to achieve the spatial particle density required 
for accurate pressure extraction, the experiment was 
repeated eighty times and the Lagrangian particle-track 
fields were phase-averaged together by combining them 
into a single Lagrangian dataset.

3.2  Experimental results

Figure 7 shows the Lagrangian particle-track field around 
the NACA 0012 for 0.5 < t∗ < 1.3, in the reference frame 

(18)t∗ =
tuf

c
,

Fig. 6  The PTV experimental set-up is shown with (left) the room 
lights on and HID light source off, and (right) the room lights off and 
HID light source on. a PCO.edge sCMOS camera array, b continuous 

HID light source, c NACA 0012 mounted on traverse with rotation 
stage, d measurement volume with NACA 0012 at starting position
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of the wing. Since the measurements take place after the 
acceleration period has ended, the leading-edge vortex 
does not remain stationary, but moves away from the lead-
ing edge over time. In order to highlight the position of the 
leading-edge vortex at t∗ = 1, displayed tracks were filtered 
based on magnitude of dimensionless vorticity,

and based on a minimum track length of 20 frames. The 
leading-edge vortex can be clearly seen outboard and 
downstream of the leading edge of the wing in Fig. 7; how-
ever, the tip vortex is not so easily identified. While there 
are a small number of tracks visible which give an indica-
tion of the presence of the tip vortex, the consistency and 
location of these tracks are not sufficient to state that the tip 
vortex can be identified.

The pressure field was extracted from the experimen-
tal data using the method outlined in Sect. 1. The meas-
urement volume was fully immersed in the flow structure 
during the time of measurement, therefore full Neumann 
boundary conditions were enforced when extracting the 
pressure field. When the Poisson equation is solved using 
full Neumann boundary conditions, the solution is accurate 
only up to an arbitrary constant. Therefore, the pressure 
fields extracted for the experimental data are not absolute 
pressure fields, but relative pressure fields. Relative pres-
sure fields are still meaningful in that flow structures can 
be identified by observing regions of relatively low or high 
pressure. However, without a known reference pressure in 
the measurement domain, the absolute pressure field cannot 
be determined, and furthermore pressure fields extracted in 
subsequent timesteps cannot be meaningfully compared. 
A boundary was placed at the approximate location of 
the wing to prevent network links from forming through 

(19)
∣

∣

ω
∗
∣

∣ =

∣

∣

∣

∣

ωc

uf

∣

∣

∣

∣

>20,

the solid boundary, and data nodes that were found to be 
unbounded were treated as the exterior boundary nodes 
on the streamwise and transverse boundaries. A Neu-
mann boundary condition was enforced on boundaries of 
the measurement volume, where the gradient of pressure 
was determined by Eq. (1). It is worth noting that, in the 
present study, the convergence of the iterative solver was 
not adversely affected by the lack of an absolute reference 
pressure in the field.

Unlike in the analytical evaluation of the technique, 
there was no reference pressure with which the accuracy 
of the extracted pressure fields could be evaluated. Instead, 
the sensitivity of the pressure field to additional particles 
was used to estimate the relationship between the extracted 
pressure field and the normalized spatial particle density. 
The sensitivity of the pressure field was defined as:

where S(N) is the sensitivity of the pressure field extracted 
from N nodes, �Cp is the field-averaged difference in pres-
sure coefficient, and �N is the difference in number of 
nodes. The field-averaged difference in pressure coefficient 
was defined as:

where Cp,N is the pressure coefficient field with N nodes 
and Cp,N+�N is the pressure coefficient field with N + �N 
nodes. Since the additional �N nodes exist only in 
Cp,N+�N, these nodes are excluded in the sensitivity calcu-
lation, and the field-averaged difference in pressure coef-
ficient is calculated only for the nodes which are present in 
both fields. The sensitivity analysis was performed on the 
experimental data at t∗ = 1 by separating the particle field 
into small groups, executing the pressure extraction process 

(20)S(N) =
�Cp

�N
,

(21)�Cp = mean
{∣

∣Cp,N+�N − Cp,N

∣

∣

}

,

Fig. 7  a Isometric particle 
tracks on suction side of NACA 
0012. b Two-dimensional plot 
of tracks within the volume 
enclosed by the dotted bound-
ary on the isometric plot, 
which extends from z/c = 1 to 
z/c = 1.4. Tracks are shown 
in the reference frame of 
the wing for 0.5 < t∗ < 1.3, 
filtered based on a minimum 
track length of 20 frames and a 
minimum magnitude of dimen-
sionless vorticity of |ω∗|>20 at 
t∗ = 1. Tracks are colored by 
dimensionless time to show the 
direction of movement of the 
particle
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on a successively more dense particle field, and comparing 
the results of each step to the preceding step. The chord of 
the wing was used as the characteristic length for the exper-
imental case.

Figure 8 shows a log–log plot of the observed relation-
ship between the sensitivity of the pressure field and the 
normalized spatial particle density. Similarly to what was 
observed in the analytical section, the linear trend in the 
log–log plot implies that there is a power-law relation-
ship between sensitivity and spatial particle density, and 
a linear regression found the power to be approximately 
−0.78 ± 0.08. The experimentally determined relationship 
between sensitivity and normalized spatial particle den-
sity is quite similar, in both form and order of magnitude, 
to the analytical relationship between error and normalized 
spatial particle density. The primary difference is a large 
increase in noise in the experimental relationship, result-
ing in double the standard error in the power estimate. This 
increased level of noise in the experimental case can be 
primarily ascribed to two key factors. First, phase averag-
ing by combining multiple runs into a single dataset con-
tributes largely to the noise. Despite the motion of the flow 
being mainly deterministic, due to the accelerating motion, 
the flow field in the wake of an airfoil at Re = 7,500 will 
possess some stochastic structures, and spatial derivatives 
in or across these structures will suffer additional error if 
the structures are not sufficiently resolved. Independently 
of phase averaging, these stochastic flow structures will 
also cause the sensitivity of the pressure field to be incon-
sistent, as individual particles which are added could be 
influenced by smaller-scale flow structures. This will 
cause small fluctuations in local pressures as additional 
flow structures are resolved at smaller scales. Additionally, 

it is possible that the small-scale flow structures have not 
been properly captured, due to the large size of the parti-
cles. This effect would increase the difficulty in resolving 
smaller-scale structures in the pressure field and prevent the 
solution from converging to the true pressure field as the 
resolution is increased.

Figure 9 shows the isometric, Lagrangian pressure field 
for three different orders of magnitude of normalized spa-
tial particle density at t∗ = 1. Since the tip vortex could not 
be sufficiently identified in the particle tracks, the region of 
the wake outboard of the tip was ignored. Additionally, par-
ticles which were tracked near the suction side of the wing 
were ignored, since in this location there was insufficient 
flow data to accurately extract the pressure field, resulting 
in erroneous pressure values. The pressure field was filtered 
such that particles were only displayed for Cp < −1, in 
order to identify vortical structures by observing regions of 
lowered pressure. For N/c3 = 468, the low-pressure region 
typically associated with the leading-edge vortex is not 
observed at all, apart from a small number of scattered par-
ticles with Cp < −1. For N/c3 = 4,219, the leading-edge 
vortex is now sufficiently resolved such that it can be iden-
tified. For N/c3 = 10,156, not only can the leading-edge 
vortex be identified, but two separate filaments of local 
pressure minima can be observed in the larger low-pressure 
structure.

4  Conclusions

In the present study, a technique for extracting the three-
dimensional, time-resolved pressure field from Lagrangian 
particle-tracking data was proposed. The technique utilizes 
the Voronoi tessellation and Delaunay triangulation to net-
work an unstructured field of particles, which allows for 
discrete vector calculus operations to be performed on the 
flow data without interpolation to a structured grid. The 
pressure field is then extracted by numerically solving the 
Poisson equation on the network, using a successive over-
relaxation scheme.

First, the technique was tested on the analytical case of 
Hill’s spherical vortex. Analytical tests were performed 
by uniformly seeding a measurement volume with syn-
thetic particles at random locations, assigning the parti-
cles acceleration values based on the analytic expressions 
derived by Hill, and extracting the pressure field in the 
Lagrangian frame. The analytical test case served to prove 
the theoretical validity of the technique and was used for 
preliminary analysis of the behavior of the error and com-
putational requirements of the technique. It was found that 
there was a power-law relationship between mean relative 
pressure field error and normalized spatial particle den-
sity, where the power was approximately −0.63 ± 0.04. 
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Fig. 8  Log–log plot of sensitivity versus normalized spatial particle 
density, showing a clear power-law relationship. Linear regression 
showed that the sensitivity was proportional to (N/c3)−0.78
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Fig. 9  a, c, e Isometric view 
of the pressure field for three 
orders of magnitude of normal-
ized spatial particle density 
at t∗ = 1. Due to insufficient 
local particle density leading to 
erroneous pressures, particles 
in the suction region of the 
wing and outboard of the tip are 
omitted. Particles are filtered 
such that only particles with 
Cp < −1 are displayed to high-
light regions of low pressure. 
b, d, f Two-dimensional plots 
of the pressure field within the 
volume enclosed by the dotted 
boundary on the isometric 
plots, extending from z/c = 1 
to z/c = 1.4. Particles are not 
filtered by any criteria in this 
region. The normalized spatial 
particle density for each pair of 
isometric and two-dimensional 
plots is: a, b N/c3 = 468, 
c, d N/c3 = 4,219, e, f 
N/c3 = 10,156
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The computational time and number of particles were 
also found to follow a power-law, where the powers were 
approximately 1.1 for network construction, and 1.2 for 
total pressure extraction. The current work was performed 
on standard laboratory PCs using MATLAB, and all com-
putations were performed in serial with no parallelization. 
While it was shown that the current relationship between 
computational time and number of particles is close to the 
theoretical limits of efficiency, significant cost savings are 
potentially possible through parallelization and optimiza-
tion of the code, porting the algorithm to a lower-level pro-
gramming language, or a more efficient method of solving 
the Poisson equation.

The technique was then tested on experimental data 
to evaluate the feasibility of using the technique to obtain 
instantaneous pressure fields with currently available parti-
cle-tracking algorithms. Experimental data with sufficient 
particle density were obtained by impulsively accelerating a 
NACA 0012 wing with c = 5 cm and 20 cm between the tip 
and free surface to a final velocity of 0.1 m/s for an accel-
eration period of t∗ = 0.5, and phase averaging the results 
of eighty runs. The analysis of the experimental data served 
to prove that, with sufficient particle density, it is feasible 
to use the proposed technique to extract instantaneous or 
time-resolved pressure fields. A sensitivity analysis of the 
experimental results showed that the relationship between 
sensitivity and normalized spatial particle density was a 
power-law with a power of approximately −0.78 ± 0.08, 
within two standard deviations of the result found for the 
analytical case. In the analytical case, it was shown that a 
spatial particle density on the order of 102.5 is required to 
achieve a mean error of 10−3 Cp, and that this was suffi-
cient to fully resolve the pressure field for that case. How-
ever, Figs. 8 and 9 show that for the experimental case, even 
with a similar relationship between the sensitivity of the 
pressure field and the normalized spatial particle density, 
an additional order of magnitude of spatial particle density 
was required to resolve the leading-edge vortex, and an 
additional order of magnitude was required to identify that 
there were two separate filaments of pressure minima in the 
leading-edge region. It must be noted that the required nor-
malized spatial particle density is dependent on the relative 
size of the dominant flow structures, compared to the cho-
sen reference length scale. While the increase in required 
normalized spatial particle density in the experiment can be 
ascribed to the noise in the velocity data, the difference in 
relative size of the flow structures between the two cases is 
also a factor. Therefore, when determining whether a given 
normalized spatial particle density will be sufficient to accu-
rately resolve the pressure field, it is important to consider 
the relative size of the structures in the flow.

From the results of the analytical and experimental 
cases, it is clear that the proposed method of extracting 

pressure fields from Lagrangian flow data is feasible with 
current particle-tracking technology, both in terms of accu-
racy and computational requirements, and will increase in 
robustness as particle-tracking techniques improve in the 
future. However, additional investigation into the complexi-
ties of the relationship between pressure field error and spa-
tial particle density is clearly required, so that the experi-
mental conditions necessary to extract accurate pressure 
fields can be generally defined.
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